
Fields a n d f ie ld

Extensions

Recall: for r i n g theory i n general,

w e
t r i e d t o d i v i d e rings

u p
i n t o c l a s s e s b y l oo k i n g

a t w h a t happened
w i t h t h e i r

ideals!

Unfortunate ly, t h i s approach

i s completely hopeless f o r

f i e l d s
.



theorem: (simplicity) Every field
K

i s a s imp l e r i n g : t h e

o n l y i d e a l s o f K a r e k

i t s e l f a n d {On } -

proof'. L e t I b e a n i d e a l o f K and

suppose I t {On } . T h e n

F x e k , X t O a . Since K

i s a f i e l d , X i s a u n i t .

T he re fo re , × a dm i t s a

mult ipl icat ive i n v e r s e × ' '.

S ince I i s a n i d ea l ,

1k = x " - X E I .



N o w s i n c e 1h E I , i f

Y E K ,
t h e n

y - y . I n E I
.

T h i s s h o w s I = K .

T



Observat ion: t h i s proof s h o w s t h a t i f

R i s a r i n g a n d

I i s a n i dea l o f

R conta in ing a u n i t
,

t h e n I = R .



Q : H o w t o s t u d y f i e l ds? T h e previous

theorem s a y s t hey cannot b e studied

i n t e r n a l l y ,
s o . . .

A ' . S t u d y f ie lds external ly ! Start ing

w i t h a f i e l d K
,
look a t

o t h e r f ie lds t h a t c o n t a i n K .



Definition: ( f i n d ex tens ion ) L e t K

be a f i e l d . A f i e l d

L i s cal led a
f i e l d

e x t e n s i o n o f K i f

k E L ( u p t o r i n g isomorphism)

a n d K i s a sobr ing o f L

containing I L .



Example-l: ( a c t s ) ) Le t k = Q

a n d l e t

L : Q (Ta)-{atbra / a,bEQ}.

Q f Q (52) by setting 6 = 0 .

I , = I E K = Q .

W e j u s t n e e d t o s h o w L i s

a f i e l d . W e k n o w L E M

a n d t h e operations o f 112

r e s t r i c t t o t h o s e o f L .



W e g e t t h a t L i s a commutative

r i n g w i t h u n i t . I f

a t b b E L , w e k n o w t h a t

i f a # O t b , t h e n t h e

multiplicative i n v e r s e i s 1 -
.

a t b r a

w h o i s t h i s inverse i n L ?

Rational ize by mult ip ly ing b y

/ = aa¥f} t o get t h a t

t h e i n v e r s e i s i n L .

The re fo re , L t IQ (Va) i s a

field extens ion o f Q .



No te : i f E Q ,
s o L t Q .



Definition: (vector space) L e t K b e

a f i e l d . A v e c t o r s p a c e

o v e r K i s a s e t V

endowed w i t h t w o binary

operations

v e c t o r a dd i t i o n - ' f ' ' : V × V→ ✓

s c a l a r multipl ication-'
.

l "
: K × ✓ → V

s u c h t h a t

I ) ( V , t ) i s a n a b e l i a n g r o u p

2 ) la- X
= X f X E V



3 ) i t x . y E V , 9 , B E K ,

8 . ( t t y ) : 2 . x t d a y

@ t p ) - X
= g . x t p - x

(distributivity o f " . " o v e r

" t ' ' a n d
' ' t " o v e r

" . ' '

4 ) h t d i p e k ,
K E V

d . (p-x) = (dips)-X

(associativity)



Observation'. ( f i e l d e x t e n s i o n s & v e c t o r spaces)

I f K i s a
f i e l d and

L i s a n e x t e n s i o n field

o f K , t h e n t r a c k i n g

t h r o u g h t h e de f i n i t i on , L

i s a v e c t o r s p a c e o v e r K .

Everything ho l d s s i n c e L i s

a f i e l d , s o f o r example ,

3 ) t 4 ) a l r e a d y h o l d fo r

L IBEL , s o i n particular,

f o r 2 , B E K .



Definition'. (degree) T h e degree o f

a n e x t e n s i o n
f i e l d L o f

a f i e l d K i s j u s t t h e

dimension o f L a s a

v e c t o r s p a c e o v e r K
'

.

deg(L/k)÷dimv#

wh e r e the d i m e n s i o n i s t h e

cardinality o f a b a s i s f o r

L o v e r
K ( s c a l a r s a r e

e l emen t s o f K ) .



Definition'. (algebraic e l e m e n t s , extensions)

l e t K b e a f i e l d . T h e n L E K

i s s a i d t o b e a l geb ra i c o v e r

K i f I p u t E K G ]

s u c h t h a t p ( ¥ k
.

I f d i s n o t a lgeb ra i c o v e r K ,

w e s a y d i s transcendental o v e r

K .

Finally, a n e x t e n s i o n f i e ld L o f

K i s s a i d t o b e algebraic i f

e v e r y element o f L i s algebraic

o v e r K .



Exampie 2 : ( G o v e r R , Q )

¢ i s a l g eb r a i c o v e r 112

s i n c e i f a t b i E G

(a ,bElR) , then consider

p i x ) = (x-Catbi)) (x-la-bi)

p ix) = x2ta2+b2 - L a x .

T h e n platbi) = O .

Howeve r , n o t e v e n e v e r y

e l e m e n t o f 112 i s algebraic

o v e r Q : T i a n d e a r e

t h e m o s t f a m o u s examp l es .



Observations. deg ( 6 / 1 1 2 ) = 2

s i n c e { I , i } i s a b a s i s

fo r 1C o v e r 112.

deg ( Q ( r a y a ) = 2

s i n c e {1,023 i s a b a s i s

f o r Q ( r a ) o v e r Q .

B u t deg (IRAQ) i s

in f in i te s i n c e Q i s

countable, b u t 112 i s n o t 1.

A n y b a s i s o f 112 o v e r I Q

m u s t b e magicked i n t o ex i s t e n c e

b y t h e Ax i om o f choice.



Definition: (algebraically
c l o s ed ) A

f i e l d K i s s a i d t o be

algebraically closed i f e v e r y

n o n
- constant polynomial i n

K £ 1 h a s a r o o t i n k .

I mm e d i a t e
c o n s e a u e n c e : e v e r y polynomial

i n K C x ] fo r k algebraically

closed f a c t o r s l i nea r l y /
-

.



Lemme Let k b e a f i e l d . T h e n

K ( x ) i s a principal ideal

d om a i n ,

proof! W e a l r e a d y proved t h a t K A T

h a s a d i v i s i o n a l g o r i t h m . S o

l e t I b e a n
i d e a l i n K E T

a n d l e t p i x ) t o b e

a n e l emen t o f m i n i m a l degree

i n I . T h e n i f f ( x )¥0 ,

f ( x ) E I ,
t h en b y t h e

division a lgo r i t hm , F

q u i , r e n t K C x )



s u c h t h a t

f l y ) = qC x ) - p i x ) t r i x )

w i t h t h e degree o f r i x )

less t h a n h e degree o f play.

B u t I i s a n i d e a l
,

s o q l x l . p k ) E I .

Therefore,

rcx t - f l x l -q l x . ph ) E I .

B u t pexl h a s min ima l

degree i n I , s o N x t = D .

Therefore, f u k qx1pCx)

⇒ I = ( p a s ) . D


